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Hybrid, Multiscale NuMerical siMulatioNs of tHe equal cHaNNel aNgular PressiNg (ecaP)  
usiNg tHe crystal Plasticity tHeory 

The FEM simulations of the EcAP including real conditions of the process – the friction between the metal extruded and the 
die walls, as well as, the channels rounding, were done here in two scales – macro- and micro-. The macroscopic analyses were 
done for isotopic material with a non-linear hardening using the UMAT user material procedure. The pure Lagrangian approach 
was applied here. The stress, strains and their increments, as well as, the deformation gradient tensor were recorded for selected 
finite elements in each calculation step. The displacements obtained in the macroscopic FEM analysis are then used as the kinematic 
input for the polycrystalline structure. The dislocation slip was included as the source of the plastic deformation here for the face-
centered cubic structure. The results obtained with the use of the crystal plasticity show the heterogeneous distribution of stress and 
strain within the material associated with the grains anisotropy. The results in both micro- and macro- scales are coincident. The 
FEM analyses show the potential of the application of the crystal plasticity approach for solving elastic-plastic problems including 
the material forming processes.
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1. introduction

The macroscopic solution of elastic-plastic analyses caused 
by the loading applied gives only the overall description of the 
problem restricted to the change of the body shape and the mac-
roscopic distribution of stress and strain in a material. The crystal 
plasticity (cP) modelling is a powerful tool for prediction the 
microstructural changes in the material under loading, including 
the grain anisotropy, strain hardening, effect of grain size and 
the microstructure evolution, therefore. Such approach includes 
not only the change of the material shape, but also consists of 
the information about the mechanisms of the plastic deformation 
– i.e. dislocation slip, twinning, martensitic transformation and 
displacement of mobile phase boundaries. The cP theory coupled 
with the finite element method (cPFEM) is used to connect the 
macro- and micro- or even nano- scales to examine the deforma-
tion mechanisms of crystals, texture evolution, as well as, stress 
and strains distribution in the material at the level of a single grain.

The cP theory is useful in numerical analyses of Severe 
Plastic Deformation (SPD) methods giving the information not 
only about the deformation of the material, but also enables to 
evaluate the change of its microstructure. Among SPD processes 

which results in the high plastic deformation of the material and 
the refinement of grains to even nanoscale, the high-pressure tor-
sion (HPT), multi-directional forging (MDF), the kOBO extru-
sion (the name of the method is composed of the first two letters 
of the surnames of Polish professors and inventors: A. korbel and 
W. Bochniak), the friction stir processing (FSP) and the equal-
channel angular pressing (EcAP or EcAE) are the most popular. 
Numerical simulations of SPD processes give the information 
about the material deformation [1], as well as, they enable to 
evaluate its microstructure. There are many publications con-
sidering the texture evolution during the SPD processes. in [2], 
the modelling of a texture evolution in the kOBO extrusion is 
presented. The study of plastic deformation behavior during 
high pressure torsion process by crystal plasticity finite element 
simulation (cPFEM) is contained in [3]. The modelling of the 
FSP in terms of the change of the microstructure is shown in [4]. 

The EcAP process is considered in this work. it is a discon-
tinuous process which relies on a single or a multiple material 
extrusion through the angle channel with a constant cross-section 
(Fig. 1) [5]. The EcAP is characterized by the very high shear 
stresses and the accumulation of a very large plastic strains 
(even >300%) in the material which results in its microstructure 
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refinement to the ultra-fine sizes. Such reduction of grains size 
depends on the channel angle, number of EcAP passes, the extru-
sion speed, temperature, etc. [6-9]. according to sadawy et al. 
[10], the grain size is reduced from 390 μm to even 0.3 μm after 
the EcAP method with 10 passes. The ultra-fine microstructure 
with a grain size at the range of 300-600 nm is obtained in the 
EcAP process in [11]. The effective plastic strain might be 
described as follows (Eq. 1) [12]:
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           
    

 (1)

where εN is the accumulated equivalent plastic strain in the 
EcAP, N is the number of passes, φ is the die channel angle, 
ψ is the outer corner angle, cot is the cotangents function and 
cosec is the cosecant one. in [12], the average effective plastic 
strain in a material is up to 260% after the EcAP process with 
two passes. in other work [13], the effective plastic strain up to 
600% was obtained in the EcAP with one pass at 150°c tem-
perature for an AA2011 aluminum alloy.

Fig. 1. The scheme of the EcAP process

The deformation in the EcAP process in the inner core is 
a simple shear occurring in the deformation zone in conjunction 
with the rotation. The cross-section of the material sample does 
not change during the process. The shear plane is rotated towards 
the extrusion direction by an angle equals the half of the channel 
bending (φ). The deformation state indicates on the tension in 
the x direction and on the compression in the y one, assuming 
also the rigid body rotation usually clockwise. 

The simplified theoretical analysis based on the simple 
shear model is applied in modelling of the EcAP process. it as-
sumes that the material is subjected to the simple shear at the 
intersection of two channels which cross at an angle 90°, result-
ing the concentration of a shearing in a small area and causes 
the large rotations. Real numerical simulations assuming real 
process conditions and the geometry of channels are also used. 
The FEM methods using the user material procedure enable to 
obtain information about the stress state and the deformation 
gradient in each calculation step. This data might be then used 
in microstructural analyses based on the crystal plasticity theory.

The numerical simulations of the EcAP require the se-
lection of the proper crystal plasticity model which takes into 
account crystallographic anisotropy of grains and the texture 

evolution in modelling of the mechanical behaviour of polycrys-
talline materials caused by the plastic deformation mechanisms, 
i.e. slip or twinning. The simple shear along the shear plane 
is the most frequently model to show the deformation during 
the EcAP. Nevertheless, it is only suitable for ideal conditions 
without friction, die with sharp angles and for a perfect plastic 
material. The application of a simple shear model in numeri-
cal modelling of the EcAP is presented in [14-16]. The Taylor 
model is a fully-constrained one in which it is assumed that each 
grain is subjected to the same plastic strain as the macroscopic 
one [17]. Five components of the plastic strain increment and 
five independent slip systems are necessary [18]. Although the 
strain uniformity fulfills the compatibility condition but not 
the equilibrium one at grain boundaries [19]. the examples of 
the use of the Taylor model in numerical analyses of the EcAP 
are described in  [20-23]. The self-consistent model, in which 
each grain is assumed as a single ellipsoidal inclusion in a ho-
mogeneous equivalent medium, is developed in order to over-
come limitations above [24]. in this approach, each grain of the 
polycrystalline material can deform differently depending on its 
directional properties [25]. The use of the self-consistent model 
in the modelling of the ecaP process is described in [26-29].

The numerical simulations in a macroscopic scale and based 
on the cP theory for the EcAP process assuming the dislocation 
slip as a main mechanism of a plastic deformation, are considered 
in this paper. The real conditions of the process – the friction 
between the metal extruded and the die walls, as well as, the chan-
nels rounding, were taken into account here. The macroscopic 
analysis was done using the pure Lagrangian approach and the 
UMAT user material procedure. The displacements obtained in 
the macroscopic FEM analysis are the kinematic input for the 
polycrystalline structure. The stress and plastic strain distribu-
tions, as well as, the pole figures in the polycrystalline material 
after the EcAP with one pass were analyzed. The main advantage 
of the approach based on the cP theory is that it includes not 
only the macroscopic behaviour of a material under loading but 
also gives information about the plastic deformation of a single 
grain in a polycrystal.

2. Kinematical equations of the cP theory

The kinematical theory applied in the cPFEM model is 
based on the approach proposed by Asaro [30] and Asaro and 
Needleman [31]. Three configurations are considered here. 
The initial configuration corresponds to the undeformed state of 
the material and the current configuration indicates the deformed 
one. The intermediate configuration obtained from the current 
configuration describes the rotation and stretching (Fig. 2). 
Therefore, the deformation gradient tensor might be decomposed 
multiplied as follows (Eq. 2):

 F = F* · F p (2)

where F is the total deformation gradient tensor, F* is a part of 
the total deformation gradient tensor which is responsible for 
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the stretching and the rotation of the lattice structure and F p 
indicates the plastic shearing on selected crystalline slip planes.

Fig. 2. Multiplicative decomposition of the deformation gradient into 
elastic and plastic deformation parts

Based on the tensor F, the velocity gradient one (L) can be 
determined in line with Eq. (3) and further, might be decomposed 
additively into both elastic and plastic parts (Eq. 4) and into 
symmetric and antisymmetric ones (Eq. 5):

 L = F·F –1 (3)

 L = Le + Lp (4)

 L = ε· + β· (5)

where F· is a material derivative of the deformation gradient 
tensor, Le and Lp are the elastic and plastic parts of the velocity 
gradient tensor, ε· is a strain rate that is the symmetric part of 
the L tensor and β· is the spin tensor – the antisymmetric part of 
the velocity gradient one, respectively. For the EcAP process 
considered here and for the model in which the shear occurs in 
an inner core, the velocity gradient tensor along the intersection 
plane of two channels, expressed in the global (L) and in the local  
(L' ) coordinate systems is as follows (Eq. 6):
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where γ· is the shear rate (γ· > 0). contrary to other SPD processes, 
all components of the velocity gradient tensor are known in the 
EcAP method. Based on the matrixes above, the symmetric 
and antisymmetric parts of the L tensor in the global coordinate 
system can be expressed (Eq. 7):
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  γ γε β  (7)

The ε· tensor shows that the deformation state in the EcAP 
is the tension in the x direction and the compression in the y one. 
The spin tensor also indicates the rigid body rotation.

The dislocation slip is considered here as a main mechanism 
of a plastic deformation of the polycrystalline material. The slip 
is anisotropic and occurs only in selected slip planes determined 

by the normal to this plane (nα) and in selected slip directions 
described by the mα vector lying on the slip plane [32]. The com-
bination of nα and mα orthogonal each other vectors determines 
the slip systems. The twelve slip systems (M α) defined by four 
octahedral planes {111} and three directions <110> are for the 
face-centered cubic (Fcc or A1) structure considered here [33].

The slip does not change the orientation of a crystalline 
structure and the plastic strain is a result of a shear posed by the 
shearing stress – resolved shear stress (τα) (Eq. 8). According to 
the Schmid law, the slip occurs when shear stresses on the slip 
plane and in the slip direction reach the critical value – the critical 
resolved shear stress (τc) [34]. The plasticity criterion depending 
on the current stress state and the current crystal orientation is 
the following, therefore (eq. 9) [35].

 τ s = M α : σ  (8)

 τ s – τc = 0 (9)

where σ is the cauchy stress tensor and M α  is the Schmid ori-
entation one defined as (Eq. 10):

 M α  = nα ⊗ mα  (10)

There is not any relationship between the resolved shear 
stress and the slip rate γ·. Only the one value of the τc occurs 
for a plasticity. 

The cP theory connects problems in different scales – i.e. 
macro- and micro- or nano- ones. The plastic part of the velocity 
gradient tensor Lp is expressed by the slip rate γ·α of the α slip 
system (Eq. 11).

 1 1
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where N is the total number of slip systems.
Assuming the connection between different scales, the 

plastic strain rate ε·p and the plastic spin β· p tensors might be 
written (Eq. 12-13):
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where pα and ωα are symmetric and antisymmetric tensors de-
fined by the Schmid tensor on selected α slip system, Lp is the 
plastic velocity gradient tensor.

in numerical simulations of the EcAP process here using 
the cP approach, the strain hardening of the polycrystalline 
material is assumed. According to Dawson et al. [36], the shear 
rate for γ·α slip system evaluates as follows (Eq. 14):
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g
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where γ·0 is a reference shear strain rate on the α slip system, τ α is 
a resolved shear stress on the α slip system, k is the rate sensitivity 
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coefficient and gα is the critical shear stress on the α activated 
slip system to govern the isotropic hardening of the crystal.  
Assuming the kinematic hardening and the backstress associated 
with it, the shear rate might be rewritten as (Eq. 15) [37]:
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where xα is a backstress which characterizes the nonlinear kin-
ematic (directional) hardening of the crystal on the α slip system, 
gα is the slip system strength and sgn is a signum function. The 
evolution of the backstress and the slip system strength (g·α) are 
as follows (Eq. 16-17):

   1 21 1 expx a c e e x dx               (16)
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where a is the initial hardening modulus of a slip system, c is 
the nonlinear hardening parameter, e1 and e2 describe the cyclic 
hardening saturation, hαβ is a hardening modulus defining the 
variation of slip resistance for the α slip system due to the slip 
rate on β slip system and might be defined as a relationship as-
suming both hardening and recovery (Eq. 18):
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where q is a latent hardening ratio, h0
β is a hardening parameter 

for β slip system, gs
β defines the slip resistance at hardening 

saturation for β slip system, and α β is a material constant for 
β slip system defining the sensitivity of the hardening moduli 
to the slip resistance. it is assumed that hαβ is a self-hardening 
modulus for α = β or for α ≠ β, hαβ is a latent hardening one. in the 
FEPX software applied here, the latent hardening is assumed.

3. Numerical simulations of the ecaP process

The numerical calculations of the EcAP process were 
performed at two stages. Firstly, the macroscopic analysis in 
the commercial FEM program (ABAQUS) using the UMAT 
user-material procedure was done. The geometry of the model 
used in the macroscopic calculations is shown in Fig. 3. Details 
of the model are also contained in TABLE 1.

The macroscopic analysis of the EcAP process was done 
for the elastic-plastic material with a nonlinear isotropic hard-
ening. Both Eulerian and Lagrangian approaches were tested 
and results for the pure Lagrangian approach are shown in this 
paper. Due to the application of relatively small corner radius in 
the analysis, the remeshing is not needed. The use of a counter 

sample can also perform the analysis without the remeshing. The 
friction was also included and the coulomb friction model with 
0.1 friction coefficient was applied in numerical calculations.

The displacements obtained in the macroscopic FEM analy-
sis are the kinematic input for the polycrystalline structure. The 
microscopic analysis using the cP approach is done in NEPER 
and FEPX open software which can include, e.g. slip systems, 
hardening and anisotropy of grains in calculations [38]. Due to 
the large size of a task, the calculations were done only for a point 
near the core of a sample, which is represented by the representa-
tive volume element (RvE) (Fig. 4).

Fig. 4. The cPFEM simulation of the EcAP process used here

The numerical analyses are done for a RvE with both 400 
and 800 randomly orientated grains (Fig. 5). The calculations 

Fig. 3. The geometry of the model used in the macroscopic analysis

TABLE 1

Details of the model used in the macroscopic analysis

Parameter Value
Numerical model 3-D
Material model elastic-plastic

integration procedure implicit
Friction formulation coulomb friction
Friction coefficient 0.1

Element type eight-node brick elements (c3D8)
Number of elements 29147

Number of nodes 31940
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are performed for a generic c11000 copper alloy modeled as 
a polycrystalline material with the Fcc structure and with 
12 slip systems. The elastic and plastic parameters for the mate-
rial available in the literature [38] are contained in TABLE 2. 
The displacement-controlled analysis was considered here on 
the microscopic level. 

(a) (b)

Fig. 5. The RvE with 400 (a) and 800 (b) grains

TABLE 2

Elastic and plastic parameters of the copper used in the cP  
analysis

elastic arameters
young modulus E [MPa] 1.66×105

Poisson’s ratio v [-] 0.33
Elastic constant C11 [MPa] 245×103

Elastic constant C21 [MPa] 155×103

Elastic constant C44 [MPa] 62.5×103

Plastic parameters
Material constant m [-] 0.05

Reference shear strain rate γ·0 [s–1] 1.0
Fixed-state hardening rate scaling coefficient h0 [MPa] 200.0

initial slip system strength g0 [MPa] 210.0
initial slip system saturation strength  gs0 [MPa] 330.0

rate sensitivity coefficient k [-] 1.0

The numerical calculations were done iteratively in a loop 
using equations presented in section 2 for a lot of computational 
steps which is shown in Fig. 6. The implicit integration procedure 
was tested here.

Fig. 6. The loop showing calculations using the crystal plasticity theory

4. results and discussion

At the first stage, the macroscopic analysis of the EcAP 
process for a copper alloy was done using the commercial FEM 
software. The von Misses stress distribution in the sample is 
shown in Fig. 7. The highest stress values were noted near the 
corners of the die.

Fig. 7. The Mises stress distribution in the copper sample during the 
EcAP process

Fig. 8 presents the distribution of the effective plastic strain 
(PEEQ) in the deformed sample. The plastic deformation zone 

(a)

(c)

(b)

(d)

Fig. 8. The PEEQ distribution in the copper sample during the EcAP process; step time 0.23 s (a); step time 0.33 s (b) step time 0.47 s (c); step 
time 0.67 s (d)
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starts from the die corners after passing through the shearing 
plane and spreads during the process. The highest plastic strains 
are in the middle part of the plastic deformation zone and de-
crease outside the one. 

Using the displacements obtained in the macroscopic 
analysis, the microstructural calculations on the basis of the 
cP approach were done. The stress and plastic strain distribu-
tions in a RvE both for 400 and 800 grains after the EcAP are 
presented in Figs. 9 and 10. the heterogeneous distribution of 
stress and plastic strain inside the sample is noted. Some grains 
were characterized by higher stress and plastic strain values 
which is a result of different crystal orientations in grains. The 
results obtained in the analysis on the basis of the cP theory 
are compatible with the macroscopic analyses, as well as, with 
theoretical predictions [39-40].

in order to examine the texture evolution, the pole figures 
showing the texture before and after the EcAP process with 
one pass for a copper alloy with Fcc structure were compared. 
The {100}, {110} and {111} pole figures are shown in Fig. 11. 

5. summary and conclusions

in this paper, the application of the use of the crystal 
plasticity (cP) theory in numerical calculations of the equal-
channel angular pressing (EcAP) is presented. At the first step, 
the macroscopic simulations of the EcAP were done using 
the commercial FEM solver. The displacements obtained in the 
macroscopic calculations are used later on as the kinematic input 
for the polycrystalline structure in the microscopic analyses. 
The stress and equivalent plastic strain distributions, as well as, 
pole figures before and after the EcAP were obtained. The het-
erogeneity of stress and plastic strain within grains was noted. On 
the basis of results obtained, the main conclusions are as follows:
1. The different orientations of crystals in grains result in the 

heterogeneous distribution of stress and strain within the 
material. The results obtained for both macroscopic and 
microscopic analyses are coincident. 

2. The complex state of stress and strain is noted in the sample 
extruded near the walls. The shear and the rotation are in 
the inner core of a sample extruded. 

3. The results obtained in numerical analyses using the cP 
theory here are consistent with theoretical solutions avail-
able in literature.

4. The cP theory gives more detailed information about 
phenomena occurring in materials which are deformed 
plastically during the materials forming processes, e.g. in 
SPD processes. However, the numerical calculations on the 
microscale level are associated with the writing of a user 
material procedure which is a very time-consuming and 
difficult task.

5. Due to the large size of the task considered, the calculations 
on the cP level are done for only a point represented by the 
representative volume element (RvE). The analysis for the 
whole sample on the microscopic level results in very long 
time of calculations. 
The results presented here show the potential of the applica-

tion of the cP approach in simulations of the EcAP in order to 
optimize the process also in the industrial applications and give 

(a)

(b)

Fig. 11. Pole figures before (a) and after (b) the EcAP process

(a)

(b)

Fig. 9. the PeeQ distribution in the copper sample for 400 (a) and 
800 (b) grains

(a)

(b)

Fig. 10. The Misses stress distribution in the copper sample for 400 (a) 
and 800 (b) grains
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the fulfill description of phenomena occurring in the material. in 
further research, the numerical simulations of the EcAP process 
using other cP models, including viscoplactic ones will be done. 
The other plastic deformation mechanisms, i.e. twinning will be 
also included. The numerical calculations for dynamic analyses 
are also planned in the future.
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