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CharaCteristiCs of the Growth of the DireCtionally soliDifieD fe-4.25% C euteCtiC alloy

The current work is dedicated to the mathematical description of a protrusion of the leading phase (cementite) over the wet-
ting phase (austenite) observed during the author’s experiments in previous articles. a cementite protrusion is confirmed in the 
directionally solidified Fe-4.25% c eutectic alloy. The protrusion is defined due to the mass balance fulfilment. a coordinate system 
is attached to the solid/liquid interface, which is moving with the constant growth rate v.
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symbols used in the text

C – solute concentration in the liquid,
CE – solute concentration at the eutectic point,
C0

Fe3C – concentration of the cementite at the solubility limit 
point at temperature TE,

C0
Fe(γ) – concentration of the austenite at the solubility limit 

point at temperature TE,
CS

Fe3C – equilibrium solute concentration in the Fe3C – phase 
lamella,

CS
Fe(γ) – equilibrium solute concentration in the Fe(γ) – phase 

lamella,
D – diffusion coefficient in the liquid,
dFe3C – protrusion of the cementite phase above the wetting 

phase,
dFe(γ) – delay of the wetting austenite phase,
Fe(γ) – wetting eutectic austenite phase,
Fe3C – leading eutectic cementite phase,
f (x) – function used to describe the interface shape,
f1(x) – function used in formulation of s/l interface for the 

Fe3C phase,
f2(x) – function used in formulation of s/l interface for the 

Fe(γ) phase,
fFe(γ) – function used in formulation of boundary condition 

for the Fe(γ) phase,
fFe3C – function used in formulation of boundary condition 

for the Fe3C phase,  

m – slope of liquidus line,
mFe3C – slope of liquidus line at the Fe3C phase,
mFe(γ) – slope of liquidus line at the Fe(γ) phase,
S Fe3C – half the width of the cementite – phase lamellae,
SFe(γ) – half the width of the austenite – phase lamellae,
T – temperature,
TE – equilibrium eutectic temperature,
tgθFe(γ) – tangent of the contact angle of Fe(γ) phase,
tgθFe3C – tangent of the contact angle of Fe3C phase, 
v – growth rate,
ΔC∞ – eutectic difference of the CE solute concentration 

and its concentration in the initial alloy,
δC – concentration field in the liquid ahead the s/l inter-

face,
ΦFe3C – volume fraction of the Fe3C phase, 
ΦFe(γ) – volume fraction of the Fe(γ) phase,
ΓFe3C – capillary length of the Fe3C phase,
ΓFe(γ) – capillary length of the Fe(γ) phase,
λ – interphase (interlamellar) spacing for regular struc-

ture,
Π', P – alloy material constant,
Δ—T – general undercooling,
∆Tc – diffusion undercooling of the s/l interface,
∆Tr – curvature undercooling of the s/l interface,
ΔTFe3C – undercooling of the s/l interface of the Fe3C phase,
ΔTFe(γ) – undercooling of the s/l interface of the Fe(γ) phase,
θFe3C – contact angle of Fe3C phase, 
θFe(γ) – contact angle of Fe(γ) phase.
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1. introduction

Eutectics are an archetype of composite materials with 
a fine microstructure in the μm scale, the properties of which are 
controlled by solidification conditions. These composites in situ 
have been studied for decades due to their excellent mechanical 
properties. in the past, researchers’ attention has focused mainly 
on metallic eutectics, and most of the progress in understanding 
eutectic growth and microstructure has been achieved in these 
materials, [1-5].

The vast majority of technical eutectic alloys consist of two 
phases. solidification of double or pseudo-double eutectics may 
lead to the formation of regular lamellar or fibrous structures, 
[1,6]. The eutectic growth described by the coupled growth of the 
solid phase from liquid is an important model for crystal growth, 
[1,6]. Understanding eutectic growth dynamics is a key aspect 
of eutectic system research.

Eutectic growth is a typical diffusion controlled process. 
Therefore, the solution to this problem depends on how to analyse 
the diffusion field on the solid/liquid interface. The purpose of 
these analyses is to determine the relationship between under-
cooling ∆T, growth rate v and interphase spacing λ.

2. research material and experimental procedure

The sample of Fe-4.25 wt.% c eutectic alloy, made of high 
purity armco and graphite electrodes, was prepared in a corun- 
dum crucible under an argon gas shield in a Balzers type heater. 
after removing the dross and thermal stabilization the molten 
alloy was cast into a rod of 12 mm diameter. The sample was 
machined to approximately 5 mm and:
a) placed in an alunde tube (6 mm inner diameter) in the vac-

uum Bridgman-type furnace, under an argon atmosphere,
b) heated to a temperature of 1450°c,
c) after stabilizing the thermal conditions, lowered from the 

heating part, at a given rate, to the cooling part of the fur-
nace,

d) grown up to 30 mm in length at a constant temperature 
gradient G = 33.5 k/mm by pulling it down at a constant 
pulling rate v = 125 μm/s,

e) rapidly quenched by being pulled down into the ga-in-sn 
liquid metal.
The research of directional solidification was performed at 

the Faculty of Foundry engineering, department of engineering 
of cast alloys and composites at the agh University of science 

and Technology in krakow. The procedure of the experiment 
is defined in more detail in [7-9]. The directional solidification 
studies of this alloy are described in [10,11]. 

chemical composition of Fe-4.25% c alloy is shown in 
Table 1. 

Considering that overall the dimensions of the leading phase 
are smaller than the dimensions of wetting phase, it should be 
stated that the leading phase of the examined alloy is the ce-
mentite phase (Fig. 1) [12].

The Figure 1 shows scheme of solid/liquid interface of 
quasi-regular Fe-4.25% c eutectic alloy. The width of the 
cementite phase lamellae – 2SFe3C is smaller than the width 
of austenite phase (pearlite) – 2SFe(γ) width (SFe(γ) > SFe3C).
Therefore, in the studied eutectic alloy, cementite is the leading 
phase as indicated by convexity of dFe3C cementite phase [12]. 
The concave of austenite phase – dFe(γ) and convexity of dFe3C 
cementite phase are shown.

Fig. 1. Coordinate system and contact angles at the triple point of the 
convex-concave solid/liquid interface and definitions of the width of 
both eutectic phases: dFe3C – convexity of cementite phase, dFe(γ) – con-
cave of austenite phase, d – total protrusion of Fe3C phase

3. analysis of eutectic growth according  
to the Guzik model

The guzik model [13] comes from the mass diffusion 
equation:

 
2 2 

2 2 0C C v C
D yx y

  
  

 
 (1)

TaBle 1

chemical composition of Fe-4.25% c alloy [wt. %]

C si Mn P s Cr ni Mo al Cu
4.25 0.057 0.64 0.0079 0.021 0.033 0.0093 <0.0020 0.011 0.032
Co ti ni nb V w Pb Mg B sn

0.0024 <0.0010 0.0093 <0.0040 0.0022 <0.010 <0.0030 <0.0010 0.0009 0.0061
Zn as Bi Ca Ce Zr la fe

<0.0020 0.0069 <0.0020 0.0005 <0.0030 0.0043 0.0013 94.9
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which under specified boundary conditions and mass balance 
conditions at the s/l interface allows to determine the concentra-
tion field in the liquid phase ahead of the s/l interface:
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where:
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  3 FeFe C
0 0 0C C C    (5)

guzik [13], for growth analysis, attached x-y coordinate 
system at the triple point of the solid/liquid interphase. it moved 
in the direction of the y axis. 

a constant eutectic growth rate v and a constant temperature 
gradient G in the liquid at the s/l interface were assumed. To de-
scribe the s/l interface shape of cementite and austenite phases, 
an even square function was used, which was symmetrical in 
relation to the y axis:

   2f x ax bx c    (6)

This function was chosen, due to the analysis of Magnin 
and kurz [14] study.

Boundary conditions for the Fe3C – faceted phase were 
determined:

  3 31 Fe C Fe Cf S d   (7)

  1 0 0f   (8)

  3 3

1
Fe C Fe C

0
tg 180 tgdf

dx
        

 
 (9)

 
Fe C3

1 0
S

df
dx 

   
 

 (10)

For the non-faceted phase, the following boundary condi-
tions are given:

     2 Fe Fef S d    (11)

  2 0 0f   (12)

  
2

Fe
0

tgdf
dx    

 
  (13)

 
 Fe

2 0
S

df
dx



   
 

 (14)

Conditions given by Eq. (7) and Eq. (11) are related to 
the value of protrusion of the carbide faceted phase dFe3C and 
the delay of the non-faceted phase dFe(γ). Further conditions 
eq.  (8-10) and eq. (12-14) are a consequence of the shape of 
the s/l interface adopted. The sought functions f1(x) and f2(x) for 
the adopted boundary conditions can be written:
– for the Fe3C faceted phase:
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– for the Fe(γ) nonfaceted phase:  
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The following nonisothermal coupling condition is given:
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The components of general undercooling Δ—T , ∆Tc compo-
nents associated with the diffusion process, and the ∆Tr solidifi - 
cation front curvature were adopted according to the Jackson-
hunt theory, [15,16]. 

Further components of the equation (17) are as follows:
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substituting equations (18-23) into equation (17):
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The following formulas can be introduced:
the protrusion of the Fe3C faceted phase relative to the 

Fe(γ) phase: 
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the delay of the nonfaceted phase Fe(γ):
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For the studied directionally solidified Fe-4.25%c eutectic 
alloy, the relationship between interphase (interlamellar) spac-
ing λ and growth rate v, is given by the formula from [12]:

  0.5 0.0405 11.499v      (28)

substituting equation (28) into equation (26):
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equations (26) and (27) define the protrusion of the leading 
phase (cementite) and the delay of the wetting phase (austenite), 
respectively. eq. (29) shows the relationship of protrusion of 
the leading cementite phase between growth rate for studied 
directionally solidified Fe-4.25%c eutectic alloy.

4. analysis of eutectic growth according  
to the Wołczyński model

observation of the concave-convex front of solidification 
and its scheme (Fig. 2) shows that the lamellae of both phases 
are almost equal in width, or that the width of the cementite 
phase is slightly smaller. Therefore, assumptions found in the 
literature, [17,18] can be used to analyse the growth of the re-
searched cast iron.

Considering the facts that the local mass balance is met for 
the condition z = 0 in the case of a wider Fe(γ) phase lamellar, 
and assuming that z = d for the narrower Fe3C phase lamellar, the 
boundary mass balance is also considered at the same location.

The existence of protrusion d has been disclosed and 
described theoretically, [19-21]. it has been experimentally 
confirmed that usually the finer (smaller dimensionally) phase 
is the leading phase, [20,21]. This corresponds to the analysis 
of the local mass balance shown in the work, [17] by equations 
(31), (32), (33) and eq. (33*). accordingly, protrusion is only 
observed for the phase with smaller (narrower) lamellar. 

in order to determine the value of the advance parameter for 
the examined eutectics Fe(γ) – 4.25% c, the Wołczyński equation 
from [17] was used. it allows to define the phase protrusion d 
for the leading phase for own Bridgman experiment.

Figure 2 shows the protrusion scheme for the solid/liquid 
interface described by the experiment performed in [7,8]. For this 
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condition, there is a condition for the nonisothermal s/l interface 
of regular eutectics:

   3Fe CFeT T     (30)

      
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For the stationary eutectic growth, the diffusion equation 
is, [16]:
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The solution to Eq. (33) can be given as:

      ,C x z X x Z z    (34)

with the coordinate system attached to the s/l interface just at 
the middle of the Fe(γ) – phase lamella (Fig. 2).

new boundary condition has been inserted in the current 
description:

      Fe Fe, , 0EC S z C S z C       (35)

The Jackson and hunt theory [15] does not consider 
eq. (35). nevertheless, the assumption given by eq. (35) does 
not allow a discontinuity of solute undercooling (constitutional 
undercooling) to appear. This results in micro-field of the tem-
perature at the s/l interface. Therefore,

  
2

2
2exp

2 4
v vZ z z
D D


  
     
    

  (36)

      cos sinX x A x B x     (37)

The other boundary conditions are like the ones used in the 
Jackson and hunt theory:
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   


  (38)

 

 

      3

0
3

Fe CFe Fe Fe

 
 for Fe , Fe C,  

0, 0 ,

SvCC S
z D

z x S S x S S  


 


     


 

 (39)

after some transformations, and with the plane s/l interface 
applied, the description of the solute micro-field ahead of the 
s/l interface is:

a) For the Fe(γ) – eutectic phase, that is for x ∈ [0, SFe(γ)],  
z ≥ 0.
The value of the parameters B and ω is a result of the fol-

lowing (modified) condition:

 
 

0

,
0

x

C x z
x









  (40)

Therefore, the formula: –ωAsin(ω0) + ωBcos(ω0) = 0 it 
results in B = 0. 

Furthermore: 

 
 

 
2 1

 

2 1
, 1, 2,3,

2n
Fe

n
n

S 


  


      (41)

combining eq. (34), eq. (37) with eq. (35) and eq. (40) 
the solution to Eq. (33) is:

 

   
 

 
 

2 1
  1 Fe  

2
2

2
 

2 1
,  cos

2

2 1
exp

2 24

n
n

Fe

n x
C x z A

S

nv v z
D SD















 
  
 
 

                 



 

 (42)

where, A2n–1, is constant. 
To define the A2n–1 parameter, the following conditions 

are required:

 

 
   

         

Fe  
0

Fe  Fe   

,
;  

0, 0,   0

z

Fe

C x z
f x

z

f x x S f x



  










    

 

 (43)

thus:

 

 

 
 

 
 

0

2
2

2
Fe

2 1
 1 

Fe

,

2 1
2 24

2 1
cos

2

z

n
n

C x z
z

nv v
D SD

A
n x
S























            
  
  
    




 

 (44)

Fig. 2. coordinate system attached at the s/l interface moving with 
thzgrowth rate v of the quasi-regular Fe-4.25% c eutectic alloy for 
the Wołczyński model
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The following properties of introduced function f (x) are 
worth noting: 

 

     

        
Fe Fe

Fe

 2 2 ,  

,  2

f x S x S

f x f x f x S f x

 



  

    
 

 (45)

  
 

0

  1 Fe
cos

2 2n
n

a n xf x a
S 





 
  
 
 

   (46)

 
 

 

 
 

Fe2

Fe Fe0

1 cos
 2

S

n
n xa f x dx

S S



 

 
 
 
 

    (47)

assuming:

     Fe2f x S f x     (48)

it results in: a2k = 0, k = 0, 1, 2, ... for n = 2k

 
 

 

   
 

Fe

2 1
Fe  Fe  0

2 12 cos
2

S

k
k x

a f x dx
S S



 




 
 
 
 

   (49)

k = 1, 2… for n = 2k–1, k = 1, 2, …
The Fourier’s series for f (x) can be presented as:

    
 

2 1
  1 Fe  

2 1
cos

2k
k

k x
f x a

S 






 
 
 
 

   (50)

in conclusion, the parameter A2n–1 is defined:

 

 
 

 

 

     
 

Fe

1
2

2

2 1 2
Fe

Fe
Fe Fe0

2 1
 

2 24

2 12 cos
2

n

S

nv vA
D SD

n x
f x dx

S S






 









             


 

 

 (51)

n = 1, 2, …
The obtained solution can easily be proved, eq. (35) and 

eq. (42), fulfils the conditions applied to the description:

    

 Fe0   2

, ,
0

x x S

C x z C x z
x x



 

 

 
 

 
  (52)

 

 
       

       
Fe Fe

  0

Fe Fe

 0

,

2  
2

z

Fe

z

C x z
f x f x

z

C x S z
f x S

z

 


 










   



  
    



 

 (53)

according to the assumptions:

 

       

        
Fe Fe

Fe Fe Fe

,   

2

f x f x

f x S f x

 

  

 

  
 
 (54)

B) By analogy, for the Fe3C – faceted eutectic phase:

     3Fe CFe Fe,  , 0x S S S z 
      

 

 

 

    

 

3

3

3

Fe CFe
2 1

Fe C

2  1 2

2
Fe C

,

2 1  
cos

2

2 1
exp  

2 24

n

n

C x z

n x S S
B

S

nv v z
D SD

















      
  

    
                     


 
 (55)

 

 

 

 

 
    

3 3

Fe
3

3
3Fe CFe 3

1
2

2

2 1 2
Fe C Fe C

Fe CFe
Fe C

Fe C

2 1 2
2 24

2 1  
cos

2

n

S

S S

nv vB
D S SD

n x S S
f x dx

S

















             

  
 

 

 (56)

For solidification from [7,8,12]:

 

 

    

 

3

3

3

Fe CFe
2 1

Fe C  1

Fe C

,

2 1  
cos

2

2 1
exp

2

n
n

C x z

n x S S
B

S

n
z

S
















      
 
 

 
  
 
 

  

 (55*)

 

 
 

 

 

    
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3

Fe CFe 3

3

3

2 1 Fe C

Fe CFe

Fe C

4
2 1

2 1  
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2

S

n
S S

B f x
n

n x S S
dx

S














  


  



 

 (56*)

with:

 
   

3 3Fe C Fe C
  0

,
,  0,

z

C x z
f x x S

z





    

  (57)

The relationship between A2n–1 and B2n–1 [17] is:

  

3

2
Fe

2 1 2 1
Fe C

1, 2,n n

S
B A n

S


 

 
   
 
 

  (58)

The solution obtained should be verified using the so-called 
local mass balance calculation:

 
 

 
 

 

 
Fe CFe Fe 3

Fe

 

0
,0 , 0

S S S

S
C x dx C x d dx

 



 


     (59)

local mass balance, eq. (59), is fulfilled provided that  
dFe3C is taken into account – the protrusion of the leading eu-
tectic phase Fe3C over the wetting eutectic phase Fe(γ). This 
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theoretical conclusion is justified, as the phase protrusion has 
been observed experimentally.

Furthermore, according to the assumption of coupled eu-
tectic growth, ΔTFe3C ≠ ΔTFe(γ), eq. (22), the protrusion is to be 
expected. eq. (59) results in:
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 
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d
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

 



  

 
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 
 

 

       
 
 

 
 

 (60)

For solidification from [7,8,12]:

 
 
 

   
3 3

1
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2 1
Fe C Fe C 1 

1 2 1
1 exp  0

2 1 2

n

n
n

S n
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n S S
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


   
    

     
  (61)

Figure 2 shows interlamellar (interphase) spacing λ as 
a geometric parameter as follows:

   3Fe C Fe2 S S      (62)

thus:

   3Fe CFe 2
S S


    (63)

For the studied directionally solidified Fe-4.25%c eutectic 
alloy, the relationship between interphase (interlamellar) spac-
ing λ and growth rate v, is given by the formula from [12]:

 0.5 0.0405 11.499 v      (64)

thus:

   3

0.5 

Fe CFe
0.0405 11.499 

2
vS S

 
    (65)

substituting eq. (65) to formula eq. (61):
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        



 

 (66)

The above equation will be met if for each n:
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2 1
1
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2 1

n

nA
n






 
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 , which is only met for n = ∞; or:
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0
2 1
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n
d
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

    
  

   
         

  (67)

after rearrangements:
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 (68)

which reduces to:
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v S
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 

 

 (69)

logarithmized:
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3
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ln  ln 1
2 1

exp  
2 

v S
S

n
d

S


   
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       

  (70)

the sum of logarithms on both sides was obtained:
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 
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 (71)

which reduces to:
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3 3
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Fe C Fe C

0.02025 5,7495  2 1
ln 0

2 
v S n

d
S S
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  (72)

rearranged to:
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eventually resulting in:

 
 

3

3
3

0.5 
Fe C

Fe C
Fe C

0.02025 5.7495
2 ln

2 1

v S
S

S
d

n 

   
 
 
 


  (74)

eq. (74) defines protrusion d of leading cementite phase 
obtained according to Wołczyński model.

5. Concluding remarks

after rapid quenching of directionally solidified of 
 Fe-4.25% c eutectic alloy [7,8,12], protrusion and delay of 
eutectic phases were observed. Protrusion and delay of these 
phases ensure a mass balance at the solid/liquid interface of the 
growing eutectic alloy Fe-4.25% c.

Using current mathematical analysis, it is possible to cal-
culate the protrusion of leading cementite phase and delay of 
wetting austenite phase.

The mass diffusion equation was used in both models. in 
each model, different parameters describing the solidifying al-
loy were used. different boundary conditions and mass balance 
conditions at the solid/liquid border were also determined. This 
allowed to present the concentration field in the liquid phase 
ahead of the solid/liquid interface.

The analysis, according to guzik model, showed that 
equation (29) presents the relationship between protrusion dFe3C 
of leading phase and eutectic growth rate v. another relation-
ship of these parameters shows the equation (74) according to 
Wołczyński model.

in the guzik model, the total protrusion d is the sum of the 
protrusion dFe3C of leading cementite phase eq. (26) and the de-
lay dFe(γ) of wetting austenite phase eq. (27). in the Wołczyński 
model, the calculated protrusion d, eq. (74), is a protrusion of 
leading phase (cementite) over the wetting phase (austenite).

equation (29) from the guzik model shows that the func-
tion describing the relationship between protrusion of cementite 
dFe3C and growth rate v is polynomial. variable v (growth rate), 
in this polynomial function, is in a base of multiple exponential 
expressions with different exponents. 

in the eq. (74) obtained using the Wołczyński model, the 
mathematical relationship between protrusion d and growth rate 
v is logarithmic.

The protrusion of cementite parameters obtained in the cal-
culations of these two models cannot be compared. The nature of 
protrusion for equation (29) and (74) is different. The behaviour 
of the protrusion of leading parameter is different in both models.
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