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ENERGY-BASED CRITERION OF ELASTIC LIMIT STATES IN
FIBRE-REINFORCED COMPOSITES"

ENERGETYCZNE KRYTERIUM SPREZYSTYCH STANOW GRANICZNYCH
W KOMPOZYTACH WELOKNISTYCH

The paper deals with elastic limit states of fibre reinforced composites. In particular
a single lamina of orthotropic symmetry is considered. An energy-based criterion pro-
posed by J. Rychlewski [1, 2, 3] is specified for plane state of stress, which occurs in
the considered lamina. The Rychlewski criterion was specified by calculation of the limit
elastic energy densities with use of the experimental results obtained in the simple strength
tests. It was shown that the condition for limit curve in biaxial state of stress, resulting
from Rychlewski criterion, to be convex and bounded is equivalent to the condition that
the elastic energy is positive. This conditions can be used for verification of validity of
experimental parameters of elasticity and strength, which are obtained in mechanical tests
applied for comosites. The known criteria of Tsai-Hill and Tsai-Wu are also identified for
the same experimental data. It is visible that the differences between the discussed criteria
are much larger for biaxial states of stress than for tension or compression of the lamina.

Praca zajmuje si¢ analiza spr¢zystych stanéw granicznych w kompozytach wi6knistych.

W szczegblnoSci rozwaza si¢ pojedyncza warstwe laminatu o ortotropowej symetrii sprezy-

stej. Zastosowano energetyczne kryterium J. Rychlewskiego {1, 2, 3], ktére zostalo wyspecja-

lizowane dla ptaskiego stanu naprezenia wystgpujacego w laminacie. Dokonano specyfikacji

tego kryterium, obliczajac graniczne wartos$ci energii sprgzystej z zastosowaniem dostgpnych

danych do§wiadczalnych otrzymanych w prostych tekstach wytrzymato$ciowych. Wykazano,

ze warunek na to aby krzywa graniczna wynikajaca z kryterium Rychlewskiego dla stanu

dwuosiowego byla wypukla i ograniczona jest réwnowazny zadaniu aby ggsto§¢ energii

sprezystej byla dodatnia. Ten warunek moze byé zastosowany do weryfikacji poprawno-

§ci pomiaru cech sprezystych i wytrzymato§ciowych kompozytu. Wyspecyfikowano takze
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w celach poréwnawczych znane kryteria Tsai-Hilla oraz Tsai-Wu. Zauwazono, ze r6znice
migdzy badanymi kryteriami s3 wigksze dla stanéw dwuosiowych w poréwnaniu ze stanem
rozciagania lub $ciskania pojedyiiczej warstwy.

1. Introduction

The aim of the paper is the application of the theory of elastic eigen states based on
the spectral decomposition of elastic compliance tensor C and elastic stiffness tensor
S to the analysis of elastic limit states in fibre-reinforced laminar composites, cf. [1].
A single unidirectional laminae of the composite reinforced with continuous fibers
is subjected to the plain state of stress, Fig. 1. The energy-based criterion of limit
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Fig. 1. A single unidirectional laminae of the composite reinforced with continuous fibres subjected to
the plain state of stress

elastic states proposed by J. Rychlewski [2, 3] is applied and identified with use
available experimental data. The limit elastic energy corresponding to the particular
eigen state is expressed in terms the longitudinal tensile or compressive strength X,
X respectively, the transverse tensile or compressive strength Yy, Y. and the in-plane
shear strength S. According to authors knowledge, there is no reliable theory of the
strength of fibre reinforced composite laminates as a whole body. Therefore there is
necessary to make the strength analysis on the level of a single laminae and formulate
of an algorithm of the strength assessment of the whole composite. There are two
typical examples of such algorithms: the First Ply Failure algorithm and the Last Ply
Failure algorithm. In both cases the crucial role plays the analysis of a single laminae.
The energy-based approach provides the conditions for elastic and strength parameters
of composite lamina, which guarantee that the limit curve is bounded and convex.
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2. Energy-based criterion of elastic limit states

The subject of our interest is the state corresponding to the limit of linear elasticity,
which corresponds to the onset of yield or fracture of the composite lamina. For such
a definition of the limit state we can formulate precisely a measure of material effort as
the density of elastic energy corresponding to a particular elastic eigen state, which can
be determined by the symmetry of the limit tensor H describing the range of elastic
behaviour according to the criterion for anisotropic solids of R. von Mises [4]

o-H-0=Hjyojon < 1. 1)

It was shown in [2, 3] that the Mises limit criterion has the energy interpretation
for any anisotropic material:

D (01) ®(op)
‘H.o = < <
o-H o o +o o <L,pg6 @

20(0)) =0 C- 0 = Cum0O o0 i = 1, p,

where o = 0y + 0, +--- + 0, is the exactly one energy orthogonal decomposition
of the stress tensor determined by the symmetry of H, which in our case is assumed
to be the same as the symmetry of elastic compliance tensor C, ® (o) = %{2; is the
elastic energy density stored in the pertinent eigen state i, A; denotes the elastic Kelvin
modulus in the elastic eigen state i , and @ is the energy limit of elasticity in the
elastic eigen state 7, which is called the Rychlew s ki modulus, cf. [S], where also
other papers on energy-based approach are discussed in more detail.

3. Application of Rychlewski criterion for unidirectional laminae

The unidirectional laminae can be considered as elastic body with orthotropic
symmetry. Due to the negligible thickness of the laminae, the plane state of stress can
be assumed. Then the elastic compliance tensor reads

Cin Cuz O
Cijm=| Cuiz Conn 0 |, (3)
0 0 2Cpn2
where the elastic constants are expressed in the following way by the longitudinal

Young modulus E), the transversal Yo un g modulus E5, and shear modulus G5
as well as Poisson’s ratio vy, of a ply

.Ell- Ey 0
Ci=| % % 0 | @
0 0 2;-2;
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The eigen problem for the elastic compliance tensor

C-w=Aw &)

leads to the condition

det(C-11)=0 ©)

which gives the eigen values called in [1] the Kelvin moduli

Cun +C 1
A= le-ﬁz—z i \/(Cllll_c2222)2 +4Ct,,
Cii11 + C 1
A = ﬂi—zzg ) ‘/(Cuu—szzz)2 +4Ch 1, 2

A = 2C12

corresponding to the particular elastic eigen states characterized by the eigen tensors:

ar 0 0 arr 0 O ‘/5 010
wp = 0 b] 0 wir = 0 b[] 0 w111='7 1 00 , (8)
0:=00 0 0O 0 O 0 00
where
1
1 c— - Cu)
a = —-——————C 5 b] H Cuiz = > (9)
4=Ciy, 4=Cin
1+( ICu;z ) 1 +( ,sz” )
1
== Ay = Cun)
ar = 1 by = <12 Lo (10)
Ay=Cin ¥ A=Ciy \
1+ (Hm) 1+ (M)

Having the Kelvin moduli the elastic energy density for a particular eigen state
can be calculated for a given plane state of stress

1
O (o)) = 54 (ox)?, K=IILIII (11)
Using the projectors for a particular eigen state
Py = wix ® wg 12)
the energy densities can be calculated for the first eigen state:

a% a,b, 0
Pr=w;®w; =| arb; b? 0 (13)
0 0 0
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alo +arbjoy

or=| abjo + b%O'z (14)
0
1 2 2 222
®=§thm+mh®)+@hm+%Q”» (15)

for the second eigen state:

af, 011b11 0

Pr=wn®wy=| ayby b 0 (16)
0 0 0
0310'1 + ay b0y
o =| aybyoy + b0 (17
0
1 2 2 2 _\2
D = -2-/111 [(auo'l + a11b110'2) + (a11b110'1 + bno'z) ] (18)

and for the third eigen state

0 00
P=wm®wy=10 0 0 (19)
0 01
0
on=|0 (20)
1
1 s
Dy = 5/11110' 6 @1

The equations (15), (18) and (21) show how the elastic energy density is distributed
over the considered elastic eigen states.

The energy-based criterion applied for the unidirectional laminae of orthotropic sym-
metry takes the form:

@, (O'ij) . ®; (O'ij) ¥ @y (O'ij) .
@7 @y o5
The energy density limits of elasticity for a particular eigen state ®¢, ®f,, @5, are

to be determined with use of experimental data obtained from the simple tests and
calculated for the elastic eigen states.

(22)
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4. Determination of energy limits of elasticity and specification of the
energy-based criterion

Three characteristic simple tests are considered: the in-plane tension/compression
along fibres, tension/compression perpendicular to the fibres and shear. These tests
deliver the strength characteristics, which are assumed as elastic limits. Application of
the Rychlewski criterion for each of these tests leads to the system of equations,
solution of which gives the sought elastic limit energy density for a particular eigen
state.

Longitudinal tension

In this case the stress tensor in the limit state is expressed according to Voigt notation
in the following form:

o1 X
o2 | = 0 (23)
J6 0

and the corresponding elastic energy density for a particular state of stress are calculated

@F = 1a,x? (a‘,* + aibi)

1
ok = 5/1,,X2 (af; + afib%) 24
d)}" =0

and finally the Rychlewski criterion for longitudinal tension reads

Ax? (a‘,‘ + afbf) X2 (a?, + af,bf,)
20¢ 207,

= 1. (25)

Transversal tension

In this case the stress tensor in the limit state is expressed according to Voigt
notation in the following form:

a1 0
o |=1Y | (26)
J6 0

The elastic energy density for a particular eigen state has the form
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1
@f = E,IIYZ (b7 + a7b7)

1 27
ol =0

and the Rychlewski criterion for the transversal tension reads

Y2 (b} +a3b?)  ApY? (b + akibY)
20¢ 20%,

=1 (28)

In-plane shear

In this case the stress tensor in the limit state is expressed according to Voigt
notation in the following form:

a1 0
o |=] 0] (29)
T6 S

The elastic energy density for a particular eigen state has the form
§=0
dJ‘f, 0 30

(D}gu = %’1"1 s

and the Rychlewski criterion reads

i1 S?
=1. 30
7,

Solving the system of equations

S8

SN
I

2

(32)

+ o+ o+

AR L
+ + 4+
R

SSAIRAIRS

gives the following formulae for the elastic limit energy density for a particular eigen
state
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X2 2
Of = 4B———s L -
2(x202 - Y2a?)
Xx2y?

2(v%? - X2a3)
1
iy = 55 Am
B =58 - ab +alb* - afbl.

Finally the Rychlewski criterion for unidirectional laminae

a? o o0 o 0§
1 5 1072 1072 6
22- W -_— X2 + Y2 A + ? S 1’
where
2a1b1
b? — a?
1
1 o= (= Cun)
ay = — 5 bI . 1122 = >
1+(,anz]) 1+(’C”ul)
Cim+Cxpn 1 2 2
A= g + 3 \/(le = Can)” +4CT,,,-

5. Discussion of the validity of the criterion

Let us discuss the consequences of the positivity of energy density

& >0,K =1L1IIIII.
For the third eigen state

1
D3 = -2‘/1111-5'2

the energy density is always positive for positive elastic moduli

1
A = 2Cp12 = 25— > 0.
12

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

The less obvious conclusions can be drawn from the condition for the first eigen state

X?y?
(Di = /113—2—'7 >0
2(x26? - Y2a?)

(41)
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because due to

A4>0 (42)

X’Y*>0 (43)
we have the condition for the elastic and strength parameters
B
—_>0
X% - Y2a?

Similarly, the analysis of the energy density for the second eigen state leads to the
condition

(44)

B
—_ >0 45
175 - X' (2
The conditions (43) and (44) relate the strength parameters X and Y with the elastic
constants E;, E, and vy, trough the coefficients B, a; and b; (cf. (2), (32)4 and (35)).
The inequalities (43) and (44) must be fulfilled simultaneously what leads to the con-
ditions

B>0= X%} -Y%2 >0V Y%} -X%; >0 (46)
B<0= X% -Y%a? <0V Y’} -X%al<O. (47)
The coefficient
B =bf - af +atb* - afb} = (b} + o) (b} - af) (48)
is positive iff
ar < b[ (49)
and negative iff
ar > b[. (50)

As a result we have

X2 palua X2 bt
W>;§VW<ZIE 51

X2 a7 X* b

=< =V=>-—= 52
Y2 p2 Y? d} 2y
As a conclusion we can state, that the discussed criterion can be applied if the condi-
tions (50) and (51) are fulfilled.

if a; <b; then

if a;>b; then
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6. The comparison of the energy-based criterion with the commonly used
strength criteria

The discussed energy-based criterion of J. Rychlewski is compared with the
strength criteria known in the literature as the Tsai-Hill criterion and Tsai-
-Wu criterion.

The Tsai-Hill criterion takes the form [6]

2 2 2
gy, 93 0102 T _

etr x e ! S
while the Tsai-Wu criterion reads [7]
Fio1 + Fa03 + Feog + F1107 + F03 + Feso2 + 2Fp0y03 = 1, (54)

where the coefficients F; i F;; are determined in the simple uniaxial and shear tests:

1 1 1
Fi= Fil=—~-—
L e O g
1 1 1
Fy = Fo=—-— 55
n=yy 2= 7Y, (55)
1
F66 = ﬁ Fﬁ =0
While the coefficient F5 can be obtained in the biaxial test
1 /1 F{+F
F12='2-\/—3— 2 _(Fi + Fp) (56)
o o
or from the simplified formula
VF, F
Fp=-——7-%. (57)

As an example the scheme of loading of the unidirectional lamina shown in Fig. 2 is
applied. The dependence of the strength of the ply on the loading angle is studied with
the application of different strength criteria. According to [8] the composite Torayca
T300/Vicotex 174B (carbon/epoxy) with the following properties was used:

E, = 148GPa, E; =7.4GPa
G2 =48GPa, v;2=031
X; = 1531MPa, X, =1531MPa
Y, =41MPa, Y. = 145MPa.
S =98MPa
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Fig. 2. Scheme of loading of the unidirectional lamina
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Describing the applied stress state according to Voigt notation

2

o1 0, COs*
oy ¢ = oy sin’ @ (58)
Tg oxsinacosa

and substituting it into the formulae of the discussed criteria the following relations
for the limit stress are obtained

[

4
cos* (a) (1 (59)

1Yy ., 2 sin* (@)]”
Oath (@) = |:—Xt2— + ﬁ i X——tz) sin” (@) cos” (a) + Yt2 ]

_1
cos*(@ (1 A A\., ) sin* (@) ]2
th + (ﬁ - 3(? + -Y—tz) sin“ (@) cos” (a) + Y,2 . (60)

o (@) = [

In the case of Tsai-Wu criterion the limit stress o,7w(e) is obtained as a solution
of the equation

oaaw [Fi cos’(a) + Fasin’(a)] + -
+0%rw [Fii cos* (@) + Fy sin® (@) + (Fes + 2F 1) sin? (@) cos? @] =1,

where F; i F;; are given by (54) and (56) respectively. Fig. 3 depicts the limit curves for
the particular criteria discussed above. The curves are aligned very close together. Only
the plots zoomed in the interval of the angle a € (20,30)° can show some differences.
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Fig. 3. Comparison of the limit curves calculated for the Tsai-Hill, Rychlewski and Tsai-Wu criteria for
tension tests
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Fig. 4. Comparison of the limit curves calculated for the Tsai-Hill, Rychlewski and Tsai-Wu criteria for
compression tests

More remarkable differences between plots corresponding to the Tsai-Hill,

Rychlewski and Tsai-Wu criteria can be observed for compression tests
given by

o1 -0 COS% @
oy ¢ = -0, sin’ a . (62)
lors -0 sina cos

In such a case in the functions (58) and (59) we put X = X, and Y = Y,. The plots of
limit curves are shown in Fig. 4.

7. Analysis of the limit curve for biaxial state of stress

In the case of biaxial state of stress the component Tg = 0 andthe Rychlewski
criterion takes form
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2 2
.ﬁ + 2 . ﬂ A+ 0102
X2 Y Xx? Y2
This formula describes for the composite lamina the limit curve, which should be con-
vex and bounded. This requirement imposes certain conditions for elastic and strength
parameters that follow from the analysis of the sign of the discriminant

A=1 63)

A=b-ac (64)

of the quadratic form

ac? + 2boyoy + col = 1. (65)

If A < O the equation (63) describes an ellipse, and if A > 0 (63) corresponds to
hyperbole. Then the condition A < 0 should be assumed for the limit curve, what
provides the following relations for the material parameters

1 1fA A 1

-5 b=3(m-w) @ (66)
A AV 4
(?3‘3(‘2) “xap <0 2D

It can be shown that the condition (65) is equivalent to the conditions (50) and (51).
After small rearrangements we have

2 2 b2 2
£+_}:_<_,_+a_, (68)
a

and due to
X? b]
— =c —=d (69)
Y2 al
the inequality holds
) 1
c—d+2 c+1<0. 70)
The roots of the equation
5 1
c—d+2 c+1=0 (1)

are given by

i ¢ =d. (72)
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If

<d (73)

Ol -

the solution of the inequality (68) reads

1
c> 3 Ve<d (74)
or due to (67)
x> _a x* b
— > =V =< =, 75
A AN el =
If on the other hand

>d (76)

-

then the solution of (68) si given by

c>dVe< i— an
or due to (67)

X* aq Xx* b

W < 27? \' W > a;,)_ (78)
It follows from
$<d<=>a1<b1 (79)
1
Z>d<=>a1>b1 (80)

that the conditions (73) i (74) are equivalent to (50) i (51).

In Fig. 5. the limit curves calculated in biaxial states of stress for the discussed criteria
of Rychlewski, Tsai-Hill and Tsai-Wu are shown. Due to the different
values of strength in tension and compression, the Rychlewski and Tsai-Wu
criteria are calculated piecewise.

It is visible that the differences between the discussed criteria are much larger for
biaxial states of stress than for tension or compression of the lamina, cf. Fig. 3 and Fig.
4. Depending on the relation between the longitudinal and compression strength the
both criteria can reveal non-convexity in the shape of limit curve or not. We can observe
that the energy-based criterion of Rychlewski can provide more adequate results
for composites, in which the strength parameters in tension X;, Y, and compression X,
Y. have respectively similar values. The experimental data obtained in biaxial tests are
necessary to verify, which of the criterion is most reliable.
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Fig. 5. Comparison of the limit curves calculated for the Tsai-Hill, Rychlewski and Tsai-Wu criteria for
biaxial states of stress

8. Conclusions

Studying deformation of a single ply of fiber reinforced composite three elastic
eigen states were determined and the formulae for elastic energy density accumulated
in a particular eigen states were derived. The energy-based criterion of Rychlews -
ki was specified by calculation of the limit elastic energy densities with use of the
experimental results obtained in the simple strength tests. It was shown that the con-
dition for limit curve, resulting from Rychlewski criterion, to be convex and
bounded is equivalent to the condition that the elastic energy is positive (50), (51).
This conditions can be used for verification of validity of experimental parameters of
elasticity and strength, which are obtained in mechanical tests applied for composites.
The data available in the literature show that the discrepancies in values run over 30%
for the same material [8]. Therefore application of the positive energy condition (50),
(51) could appear helpful in elaboration of reliable set of experimental data.



1088
REFERENCES

[11 J. Rychlewski, on Hooke’s law, PMM 48, 420-435, (1984), (in Russian); English
translation in Prik. Matem. Mekhan. 48, 303-314, 1984.

[2] J. Rychlewski, Elastic energy decomposition and limit criteria, Uspekhi Mekh. —
Advances in Mech. 7, 51-80 (1984), (in Russian).

[3] J. Rychlewski, Unconventional approach to linear elasticity, Arch. Mech. 47, 149-171
(1995).

[4] R. von Mises, Mechanik der plastischen Forminderung von Kristallen, ZAMM 8,
161-185 (1928) (also in: Selected Papers of Richard von Mises I, ed. by Ph. Frank et al.,
American Mathematical Society, Providence, 1963, 251-293).

[5] P. Kordzikowski, M. Janus-Michalska, RB. Pecherski, Specification
of energy- based criterion of elastic limit states for cellular materials, Arch. Metall. Mat.
50, 621-634, 2005.

[6] S.W. Ts ai, Strength Theories of Filamentary Structures, in Fundamental Aspects on Fibre
Reinforced Plastic Composites. Conference Proceedings, R.T. Schwartz and H.S. Schwartz
(Editors), Dayton, Ohio, 24-26 May 1966, Wiley Interscience, New York 1968, 3-11.

[7] S.W. Tsai, EM. Wu, A General Theory of Strength for Anisotropic Materials. Iournal
of Composites Materials, January 1971, 58-80.

[8) J. German, Podstawy mechaniki kompozytéw widknistych, Wyd. Politechniki
Krakowskiej, 1996.

Received: 10 May 2005.





