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ON THE EFFECT OF A VARIABLE THERMAL CONTACT RESISTANCE
ON THE SOLIDIFICATION PROCESS

WPLYW ZMIENNEGO CIEPLNEGO OPORU KONTAKTU NA PROCES KRZEPNIECIA

In this paper, the influence of a variable thermal contact resistance between a cold
plate and a flowing liquid on the solidification process is theoretically analysed. A contact
layer which exists between the crust and the cold plate, causes additional resistance for the
flowing heat. The structure of this layer is complex. A non-pure substance occupies this
volume. Gaps of air can also be present. A non-linear differential equation for the behaviour
of the thickness of the solidification front is derived and solved analytically and numerically.
In the contact layer there exists temperature difference between the temperature of the frozen
layer plane of the opposite cold plate and the temperature of the wall of the cold plate. The
thermal contact resistance depends strongly on solidification time. The general shape of this
function has been prescribed by using results from other experimental studies.

W pracy okreslono teoretycznie wplyw zmiennego cieplnego oporu kontaktu miedzy
zimng plyta i przeplywajacy ciecza na proces krzepnigcia. Warstwa kontaktu powstajaca
migdzy warstwa zakrzepla a zimng plyta tworzy dodatkowy opér cieplny. Struktura warstwy
kontaktu jest ztozona, w objgto$ci ktérej mogg wystepowaé zanieczyszczenia i pecherzy-
ki powietrza. Sformutowano i rozwiazano analitycznie i numerycznie nieliniowe réwnanie
r6zniczkowe opisuje rozwdj grubosci warstwy frontu krzepnigcia. W warstwie kontaktu
wystgpuje réznica temperatur migdzy temperatura powierzchni warstwy zakrzeplej i tem-
peratura powierzchni zimnej piyty. Opér cieplny kontaktu, ktérego funkcja opisana jest na
podstawie danych eksperymentalnych zalezy silnie od czasu krzepnigcia.

List of symbols

A1, ¢, pr — thermal conductivity, specific heat and density of liquid metal,
A¢sCe,pc — thermal conductivity, specific heat and density of cold plate;

B

»

— constant;
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L — latent heat of liquid metal fusion;

H — cold plate thickness;

Tr — liquid metal fusing point;

Tos — temperature of liquid metal far from frozen surface layer;

Ty — initial temperature of cold plate;

a — heat transfer coefficient between liquid metal and crust;

acon — heat transfer coefficient between liquid metal-cold plate contact layer;,
Tw — temperature in plane of cold plate;

& — frozen layer thickness;

t — time

1. Introduction

The paper examines analytically the influence of the variable thermal contact re-
sistance between a cold plate and a flowing liquid on the solidification process. These
phenomena play very important role in manufacturing of printed circuit electronics
and also in the casting of metals. The present study focuses on the prediction of the
time dependent formation of the frozen layer thickness on the cold plate.

The subject of solidification of flowing liquid on a cold plane wall has already
been examined by many authors in the works [1-11]. These papers concern the cases of
an isothermal cold plane wall and a cold wall of negligible heat capacity. The problem
of the unsteady behaviour of the frozen layer in the liquid flowing over the cold plane
wall was studied analytically by Epstein [3]. Ignaszak et al [4] examined the
solidification of a flowing liquid on the cold plane wall with the contact layer between
the cold plane and frozen layer. Using a very simple theoretical model they assumed a
constant temperature in the area of the cold plate. The temperature was only dependent
on time. Lipnicki [11] analyzed, the role of the contact layer between metal and
solid in the solidification process for the constant resistance. He described behaviour
of the frozen layer, which is created on the cold plane.

It is known from experiments [7-10, 12] that the resistance of the contact layer
between the cold plate and the frozen layer changes with time. The thickness of the
contact layer also changes with time. The layer can be considered as a solid solution of
one metal in another. with complex structure which differs significantly from adjacent
material.

Overall view of the contact layer between both the cold plate (copper plate) and
the frozen layer (tin crust), which was formed by the solidification process, is shown in
Figs. 1 and 2. Most of the impurities and defects like air gaps are here located. There
is an additional resistance of the flow of heat from the heater place to the cooler place.

This paper is focused on the case when the resistance and the conductivity of the
contact layer in the beginning of the solidification process are strongly time dependent.
The shape of the analytical function of the resistance, which approximates the exper-
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imental data [5-10, 12], will be presented. This makes possible to provide analytical
solution for the problem of the solidification of the liquid metal on the cold plane.

-

Cu

\Qu_re tin \sg!id solution of tin in copper

Fig. 1. Mapping line scan images of Sn and Cu of the contact layer [11]

Fig. 2. Scanning electron microscopy micrograph of the contact layer

2. Formulation of the problem

It is assumed that the flowing liquid metal (see Fig. 3) is not overheated and it
has the temperature T, which is equal to the fusion temperature of the material. The
frozen layer with thickness &, is formed on the plane. The temperature of cooling plane
of the cold plate is equal to Tw and depends only on time ¢. There is a contact layer
between the crust and the copper plate which causes additional variable resistance of
the flowing heat. In the contact layer, there is temperature difference AT = Tw-Tw,
where Ty is the temperature of the plane of the frozen layer of the opposite cold plate.
The other plane of the cold plate is adiabatic.

As a result of the solidification process, the solidification interface grows from the
cold plate with the velocity dé,/dt. The liquid-solid phase change of the heat transfer
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Fig. 3. Schematic representation of the contact layer indicating all the parameters used in calculations

process is accompanied by a release of thermal energy at this place. The heat flux ¢
released at the front of the interface is transferred through the frozen layer to the cold
plate. The cold plate absorbs all the heat released and it is cooled from outside with a
known intensity.

It is assumed that the solidification front is sharp and planar. Furthermore, the
change of the accumulation heat of the frozen layer is very small in comparison to that
of the cold plate. All material properties are considered to be constant.

The problem shown in Fig. 3 can be solved applying an energy balance by compar-
ing the instantaneous latent heat of fusion and convection heat from the flowing liquid
metal with the conductive flux through the frozen layer, and with the heat through the
contact layer. This results in the following equation:

% = acon (T - Tw). (1)

From Eq. (1) the following expression is obtained.

dé
p,Ld—tl +a(Tw-Tr) =4

. 1 dé
TW = Tw + Ps —_l + (Too—TF) £
acon dt QCcon-

For further calculations the following set of dimensionless parameters is introduced:

8 T-T, Tw-T,
=Fo-Ste,6 = —=,0=—————,0w = )
T=Fo-Ste 0= g 0= T = T o1,
where 7 is a dimensionless time, § is the dimensionless thickness of the crust layer and
8, 6w are dimensionless temperature ratios. Furthermore, the Fourier, the Stefan
and the Biot number is defined in the form of following equations

ta, o, _C (Tr - To) Bi = Hacon
H?’ L ’ A
and for a and A the following abbreviations:

A
a=ﬂ:-;/l=—c

a A
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In view of the assumption that the liquid flowing metal is not overheated, the heat does
not flow to the cold plate by convection. Inserting dimensionless parameters defined
above, it is possible to re-write eq.(1) in the form:

6dé 1 dé

— Oy SR = 2

Sl o Bl @

In order to solve the differential equation (2), the wall temperature 6y (7) has to be
known. In addition, it is necessary to define the boundary condition between the plate

and the crust liquid.

3. Solution of the problem

The wall temperature on the plane of the cold plate is assumed as:

6w = 1 — exp(-BT) 3

with the constant 8, which will be determined by the outside conditions.

The shape of this function is in a good agreement with the real conditions of cooling,
which occur in the solidification process. Intensity of cooling of the contact layer
depends on the value of the parameter 8. The way of determining the constant g8
was given in paper [11]. From equations (2) and (3) the differential equation which
describes the solidification process on the cold plate is obtained:

1dé6? 1 dé

2dc | Bi(ndr
One can note that Biot number, which determines here properties of the contact layer
varies with time. A theoretical form of this function is needed to solve equation (4). The
shape of the Biot number can be received from the experimental data of Wan g and
Mattheys [12]: At the beginning of the solidification process, a very fast increase
of the contact conductive value (also the Biot number) from zero to its maximum
value takes place. Then, this Biot number decreases very fast and attains a steady-state
constant value. Figure 4 shows the distribution of the Biot number as a function of
time.
The Biot number distribution depicted in Fig. 4 can be approximated by:

= exp (-f7). ¢y

mm:mm@&ﬁ) for O(T(Ty, )

Tste

Bi(7) = Big, for Tye(T(00, (6)

where: both Bip and Biy, are the maximum and the steady-state B i 0t numbers, Tg,
is the time where the steady-state heat resistance of the contact layer is achieved.
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Fig. 4. Dependence of the Biot number on the relative time in the contact layer based on
experimental work of Wang and Matthyes [12]

At the beginning of the solidification process, we can assume that the frozen layer
thickness is very small, 6((1, and we neglect the quadratic term in equation (4) which
results in:

dé
Bi(D) ey exp (—B71). @)
For short time of solidification the B iot number can be approximated by:
Bi(r) = Bi sin (0.85 ni). ®)
Tste

Inserting equation (8) into equation (7) leads to:

1 dé

—— = exp(-f7). &)
Big sin (0.85 7% ) 47
For equation (9) an analytical solution can be derived by the method of separation of
variables.

T

6 = Bio f sin (o.sszi) exp (—B7) dt = Bip —3""—('@—5 [—p sin (0.85 7r—-T—) o
) Tste ﬂ2 + (0851:'_"_) Tste
T
_0.85— cos(0.85~zi)] :
Tste Tste /o

Carrying out the integration, one can obtain:

PR )2 [o.ssl (1 —exp (-f7) cos (0.857r—)) —B exp B7)sin (0~857rL)] -

T
- ﬂZ + (O 85 % Tste Tste Tste
(10)
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If the Biot number can be approximated by a constant value, the frozen layer is
given by

1 1 2 T
6=-— + =11 —exp|-Brsge—1| 11
Big,e \/Biz,e ﬂ ( p( ﬁ reTste )) D
The equation (4) also was solved numericallybya Runge - Kutta method [13, 14].

4. Results

The obtained results are presented in Figs. 5 — 9. Figures 5 and 6 show the theoretical
distribution of the frozen layer for three different cooling conditions using two analytical
solutions of the problem given by Eq. 7 and Eq. 11, respectively.
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Fig. 5. Frozen layer thickness for changeable Biot number, 74 = 0.4
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Fig. 6. Frozen layer thickness for constant Biot number
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Figure 7 shows a comparison of the predicted theoretical distribution of the frozen
layer thickness for both the constant and the time dependent Biot number (Eq. 7).
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Fig. 7. Comparison of frozen layer thickness for constant Bi ot number and changeable Biot number,
Tste = 0.4

One can conclude that the changeable Biot number based on experimental work
of Wang and Matthyes (Fig. 4) corresponds to the constant Biot number
averaged over time

Figures 8 and 9 show a comparison of the theoretical distribution of the frozen layer
thickness for three methods: the constant B i o t number, the analytical method for the
very small layer thickness and the Runge-Kutta method (after Ref. [13, 14]).
In the beginning of the solidification process, when time is near zero, the differences
between those methods are very small. Particularly, the analytical methods for 6{(1 in
comparison with the Run ge - Kutta numerical method lead to similar results for
the short times (t/74. — 0). The increase of the layer thickness with time is also similar
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Fig. 8. Frozen layer thickness for 8 = 1 and 7. = 1 obtained for various calculation methods

(a curve is concave) in contrast to the increase of the layer thickness in the constant
B i ot number approximation (a curve is convex). For very large times (7/7g. — 1) the
constant B i o t number approximation provides a fair approximation of real conditions.
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The analytical method for a very small parameter § is very useful, because it allows
determining the frozen layer thickness for very short times (7/7g, —).
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Fig. 9. Frozen layer thickness in the beginning solidification for 8 = 1 and 74 = 1 obtained for various
calculation methods

5. Concluding remarks

The development of the frozen layer in liquid metal depends on both the way of
chilling and the thermal contact resistance between the cold plate and the frozen layer.

In the beginning when the thermal resistance (B i o t number) is small, the increase
of frozen layer is slow. Then the strong increase of the frozen layer with time is observd.
Development of the frozen layer is more realistic for the Biot number dependent
on time than for the constant B iot number. The variable thermal contact resistance
influences evidently the solidification phenomena.
From the above analysis, we can draw the following conclusions:

— there is a need to show the relationship between the macrostructure and the
microstructure with the aim to find a macro parameters which will describe the
contact layer,

— there is a need to create the couple of theoretical models which will describe
both the diffusivity of heat and diffusivity of mass in the solidification process
in the contact layer.
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