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AN IDENTIFICATION OF THE MATERIAL HARDENING PARAMETERS FOR CYCLIC LOADING – 
EXPERIMENTAL AND NUMERICAL STUDIES

This paper presents the results of experimental studies and numerical simulations of the ratcheting for the PA6 aluminum. 
In the initial determination of the material hardening parameters, the samples were subjected to the symmetrical strain-controlled 
cyclic tension-compression test. The experimental stress-strain curve was compared with the numerical one obtained for non-linear 
Frederick-Armstrong and Voce models. For better fitting of both curves, the optimization procedure based on the least-square method 
and the fuzzy logic was applied. After establishing the hardening parameters, numerical simulations of the ratcheting were made. 
The boundary value problem was solved by means of discrete analysis. The data (force and displacement) obtained in numerical 
computations were used to control the ratchetting experiment. The results of experiments and numerical calculations were compared. 
Good convergence proves the reliability of the determination of material hardening data.
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1. Introduction

Among cyclic plasticity phenomena like strain memory, 
Bauschinger effect, recovery and hardening, ratchetting plays an 
important role especially in the safety assessment of engineering 
structures. Ratchetting is defined as the time-dependent or time-
independent cycle by cycle strain accumulation [1] in a material 
under the stress-controlled cycling with non-zero mean stress 
(Fig. 1) in line with Eq. (1).

 acc pl
ij ij dt  (1)

where εacc
ij is the accumulated strain and ε· ij

pl is the increment of 
plastic strain. For the closed hysteresis loop εacc

ij = 0.
Ratchetting as a progressive incremental inelastic deforma-

tion is characterized by the translation of the stress-strain non-
closure hysteresis loop along the strain axis [2]. In consequence, 
the mean strain (εm) during each loading cycle is different from 
that in the previous one.

The ratchetting phenomenon occurs in various materials, 
e.g. in austenitic and ferritic steel, in zirconium and titanium 
alloys, polymers, epoxy resin and ceramic matrix composites 
where stresses overestimate the material’s yield stress [3].

The ratchetting effect depends on the mean stress, the stress 
rate, the stress level, the loading history as well as the loading 
path. The mean stress seems to provide a slight influence [4,5]. 
Considering the value of the mean stress (σm), the stabilization 
after the transient ratchetting is noted for the low mean stress. In 
contrast, the steady increase of the ratchetting strain is observed 
for high values of σm [6].

Correct prediction of the ratchetting is essential due to the 
fact that this phenomenon can lead to the catastrophic failure of 
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Fig. 1. The stress-time relation for the ratchetting phenomenon
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structures. The ratchetting phenomenon has been extensively 
studied in both experimental and numerical studies in recent 
years. Experiments have been conducted on various materials 
under different loading conditions. Lim et al. [7] examined 
the fatigue and the ratchetting of the copper alloy. In [8], the 
ratcheting phenomenon was investigated for C45 carbon steel. 
Zhang et al. [9] examined the ratchetting behavior of polyteter-
afluoroethylene (PTFE) under compressive cyclic loading. The 
results have shown that the ratchetting is caused by the non-linear 
visco-elasticity of polymer materials and depends greatly on the 
mean stress and the stress amplitude. The ratchetting effect in re-
inforced metal matrix composites subjected to the constant stress 
and the cyclic change of temperature is described in [10-12]. The 
experiments of uniaxial and biaxial ratchetting for SA333 Gr. 
6 steel at room temperature are presented in [13].The results of 
uniaxial ratchetting for 316FR steel at room and at high tempera-
ture are reported in [14,15]. The ratchetting behavior of epoxy 
polymer and its effect on the fatigue life is described in [16].

The aim of numerical simulations is a better understanding 
of the visco-plastic character of materials with the prediction of 
the ratchetting effect. In [17], the results of numerical simulations 
of ratchetting behavior for non-saturated granular materials are 
presented. Gao et al. [18] simulated the ratchetting in pressur-
ized straight low carbon steel pipe under the reversed bending. 
Chen et al. [19] simulated the multiaxial ratchetting in a medium 
carbon steel. The results of numerical simulations of the uniaxial 
ratchetting for solder alloys are contained in [20]. In [21], the 
results of simulations of a multiaxial ratchetting and a nonpro-
portional cyclic deformation of IN738LC at high temperatures 
are shown. The finite element analysis of ratchetting behavior 
of the glass fiber reinforced epoxy composites under cycling 
loading are also described in [22]. The dependence between the 
uniaxial ratchetting and the mean stress as well as the stress-strain 
characteristic was found.

The non-symmetrical cyclic loading tests require a very 
precise identification of material’s hardening parameters. It 
was shown [23], that the kinematic hardening did not affect 
the ratchetting progression. However, ratchetting phenomenon 
is very sensitive to the isotropic hardening. Depending on the 
isotropic hardening parameters describing the stabilization rate 
of a material in the cyclic tension-compression test, the gradual 
deceleration, quasi-shakedown or even the blocking of the ratch-
etting are noted [23,24].

The uniaxial tension tests are not enough to determine the 
hardening parameters required for the ratchetting simulations. 
The cyclic tension-compression test is commonly applied for 
these parameters identification. In [25], the cyclic tension-
compression test is used in the identification of kinematic hard-
ening material parameters for accurate springback predictions. 
The application of the cyclic tension-compression test for the 
determination of material parameters is described in [26]. In [27], 
tension-compression as well as cyclic shear tests are used for the 
identification of kinematic hardening parameters. 

In this paper, the uniaxial ratcheting behavior of PA6 
aluminum alloy was studied under the non-symmetrical cyclic 

tension-compression test. The paper objectives are as follows:
– the identification of material’s hardening parameters on the 

basis of an experimental stress-strain curve obtained by the 
cyclic tension-compression test,

– the enhancement of hardening parameters with the use the 
optimization procedure based on the least-square method 
as well as on the fuzzy logic,

– the numerical simulation of ratchetting including hardening 
parameters identified earlier,

– the experimental verification of numerical tests and valida-
tion of computed hardening data.
A good knowledge of the ratchetting phenomenon might 

be useful to set up forming operations conditioned by the cyclic 
loading, including the KOBO extrusion method introduced by 
Korbel, Bochniak and investigated by other researchers [28-31]. 

2. Cyclic tension-compression tests

The PA6 aluminum characterized by the high strength is 
widely used in civil engineering, in automotive industry as well 
as in boat building [32]. In spite of the widespread use of PA6 
aluminum in various industry sectors, the studies on the ratchet-
ting of PA6 material are limited. 

The geometry of specimens made of PA6 aluminum used 
in this research is shown in Fig. 2. The chemical composition 
of PA6 aluminum is Al-96.73%, Si-0.9%, Fe-0.45%, Cu-0.09%, 
Mn-0.6%, Mg-0.7%, Cr-0.25%, Zn-0.2% and Ti-0.08%. The 
mechanical properties of PA6 aluminum are E = 72 000 MPa 
and ϑ = 0.33. 

a)

b)

Fig. 2. Specimens geometry (a), real photo (b)
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Firstly, the strain-controlled symmetrical cyclic tension-
compression test was done for the preliminary determination of 
the material hardening parameters. The experiment was carried 
out at room temperature using ZWICK/ROELL Z100 testing 
machine (Fig. 3). The deformation ±2% of the measuring base 
was applied. The experiment was carried out in triplicate and 
the results were averaged. 

a)

b)

Fig. 3. ZWICK/ROELL Z100 testing machine (a) and the sample’s 
mount (b)

In this part of the research the experimental stress-strain 
curve is obtained shown in Fig. 4. Engineering stress σnom and 
engineering strain ε registered in this test were transferred into 
the true once with the application of Eq. (2) and (3).

 σ = σnom (1 + ε) (2)

 φ = ln (1 + ε) (3)

where φ and σ are true strain and stress. Eq. 2 is derived with the 
assumption that the plastic deformation of the constant volume 
of the specimen is preserved.

Fig. 4. The experimental true stress-true strain curve for PA6 aluminum

On the basis of the hysteresis loops shown in Fig. 4, the 
initial selection of the hardening parameters is made. The fol-
lowing parameters are designated [33]:
– the number of loops up to hysteresis stabilization – param-

eter b,
– the extrapolated translation of the yield stress for the final 

stable hysteresis loop – the c/γ ratio,
– the slope of the plastic response – parameter γ,
– the size of the initial and the final stable yield surfaces – 

parameter Q.
The following hardening parameters are selected using 

the experimental stress-strain curves: Q = 150 MPa, c =12,200 
MPa, γ =238 and b =10. The hardening models based on these 
parameters are described in the next section.

3. Problem formulation for isotropic 
and kinematic hardening

Many constitutive models have been proposed to describe 
the elastoplastic behavior of materials under the cycling loading 
conditions. The first cyclic plasticity model using a multiple 
surface kinematic hardening rules was proposed by Mróz [34]. 
The modification of such model was presented by Dafalias, 
Popov and Krieg [35-38]. Among others, Chaboche, Frederick-
Armstrong, Mróz two-surface and Ohno-Wang models are 
commonly used in numerical simulations of the ratchetting 
phenomenon [34,39-41]. In this research, Frederick-Armstrong 
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non-linear kinematic model [42] including the Bauschinger ef-
fect was applied (Eq. 4)

 d cd dppx x  (4)

or after integration in terms of the magnitude x (Eq. 5).

 
pcx e  (5)

Here: x is the backstress, εp is the plastic strain, c and γ are 
materials constants. 

The Voce isotropic hardening model is described by Eq. (6) 
or Eq. (7)

 dr(p) = b(Q – r)dp (6)

 r(p) = Q(1 – e–bp) (7)

where b and Q are materials constants, p is the equivalent plastic 
strain and r is the increase in the yield stress.

The formulation is completed by the following formulas:
– the Hook’s law in the incremental form (Eq. 8)

 dσ = C dε (8)

 where C is the constitutive matrix.
– For small strains, strain ε is additively decomposed into 

elasticε e and inelastic ε p (plastic) parts (Eq. 9)

 ε = ε e + ε p (9)

– In the context of time-independent material behavior, the 
von Mises yield criterion is described by Eq. (10) [43]

 yf p r px x x  (10)

 where σ and σ' are the stress and the deviatoric stress, σy is 
the yield stress and p is the equivalent plastic strain.
For the plastic flow (Eq. 11):

 f (σ, x, p) = 0 (11)

– The consistency condition is described by the formula 
(Eq. 12) [44]

 f f fdf d d dp
p

x
x

 (12)

– The normality condition is (Eq. 13) [33]

 fd dp  (13)

 where dε p is the increment of plastic strain and dλ is the 
plastic multiplier which can be found from the consistency 
condition (Eq. 12).

– The plastic flow rule associated with the von Mises yield 
criterion gives (Eq. 14) [45]

 
e

d dp '  (14)

where σe is the effective stress.

Equations (4)-(14) are used in developing the numerical 
program, which for the assumed strain increment calculates 
the stress increment. This way hysteresis loops are numerically 
generated for the deformation history assumed and for various 
magnitudes of the strain hardening parameters. In the numeri-
cal program explicit integration is executed. Since this type of 
integration is conditionally stable, 4000 strain increments are 
made for the single hysteresis loop, while only 400 are necessary 
to achieve the convergence.

4. Numerical approximation of experimental 
results

Theoretical formulation and numerical program presented 
in section 3 are used in generation of strain-stress curves obtained 
for preliminary selected material hardening parameters (Fig. 5). 

Fig. 5. The numerical true stress-true strain curve for PA6 aluminum

The authorial original methodology was developed for the 
enhancement of material hardening parameters. The detailed in-
formation about the procedure is contained in [33]. Here only an 
essential description is included. Firstly, the optimization process 
with the use of the least-square method was done to achieve the 
better agreement of the experimental and numerical curves. In 
this approach, all hardening parameters were randomly distorted 
and for each set of hardening parameters, the error norm was 
computed in line with Eq. (15)

 exp appB d  (15)

where σexp and σapp are experimental and approximation stress 
values, respectively.

The minimum approximation error using the least square 
method is reached for the following data: Q = 146.8 MPa, 
c = 11,010 MPa, γ = 274.8 and b = 11.3. The comparison of the 
experimental and numerical curves for the above parameters is 
shown in Fig. 6. 

It is worth noting that similar small error norm might be 
obtained for different sets of hardening parameters. Thus the 
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important question arises: which set of the hardening param-
eters gives the best approximation? In this research the fuzzy 
logic was applied as the objective tool for optimal selection 
of the hardening parameters. Such an approach assumes some 
uncertainty of the hardening data [46-50]. In our approach, the 
hardening parameters (Q,b,c,γ) were assumed to be fuzzy input 
variables. The triangular membership functions for the input 
variables were built in the fuzzification step. The fuzzy analysis 
was performed and fuzzy output variable (the error norm B) as 
well as its membership function were obtained. 

The α-optimization procedure was used as the main method 
in the fuzzy analysis. This approach is based on the separation of 
membership functions for input variables x and y into α-levels for 
which the values (xαkl, xαkr, yαkl and yαkr) are computed (Fig. 7). 
For randomly selected x  [xαkl, xαkr] and y  [yαkl, yαkr], the 
minimum zαkl and maximum zαkr are found (Eq. 16) [49]. Extreme 
z values for all α-levels determine the shape of the fuzzy otput 
membership function μ(z).

 
z f x y x y X
z f x y x y X

 (16)

Fig. 7. The schematic representation of α-optimization method

The method limitations are the continuity of the mapping 
operation and the convexity of the fuzzy results space (Eq. 17).

 

A A

A

x x
nx x x x X x x x

r n r
 (17)

The α-optimization method gives a relatively smooth 
shape of the output membership function in comparison to other 
fuzzification methods, e.g. the extension principle. Thus, the 
α-optimization method was used as the main numerical tool in 
this research. The extension principle described in [33, 49] was 
applied only in order to check the convexity and the consistency 
of the results obtained in the fuzzy analysis.

The most reliable value (z0) is found in the defuzzification 
step using the mass center method (Eq. 18) [46]. 

 
z z dz

z
z dz

 (18)

where μ(z) is the membership function of z variable. The set of 
the fuzzy x and y variables which afford the minimum of z0 value 
is assumed to be optimal.

In the above description x and y are any of Q,b,c,γ harden-
ing parameters, while z is the error norm (Eq. 15).

The numerical curve obtained with the use of fuzzy logic 
is shown in Fig. 8. The hardening parameters indicated with the 
application of the fuzzy logic approach are: Q = 125.8 MPa, 
c = 12,181.1 MPa, γ = 215.8 and b = 10.6 (B = 16.3%).

In spite of the use of the model based on only four pa-
rameters, a relatively good agreement between numerical and 
experimental curves was obtained. The better fitting of both 
curves might be obtained for multiparametric models, e.g. for 
Chaboche model.

Fig. 8. The numerical curves after the fuzzy logic optimization

5. The non-symmetrical cyclic 
tension-compression tests

Before experimental investigation of the ratchetting phe-
nomenon numerical simulation of the non-symmetrical stress-
controlled cyclic tension-compression test was carried out using 
finite element method and commercial ABAQUS program. For 
the assumed load history (stress) shown in Fig. 10, the material 
response (strain) is computed. The yield should occur for all the 
tension and compression load cases.

The numerical simulation was carried out for the sample 
made of PA6 aluminum alloy with 11.97 mm diameter and the 

Fig. 6. The experimental curve and numerical curve after the optimi-
zation approach
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length of 15 mm (Fig. 9). In the FEM analysis the sample was 
modeled as an axisymmetric deformable body and was discre-
tized by two-dimensional quadratic quadrilateral elements. Ap-
propriate boundary conditions are applied at one of the ends of 
the sample. The variation of the pressure applied for the other 
need is shown in Fig. 10.

The following material data are used in this analysis: 
Young’s modulus – 71∙103 MPa, Poisson’s ratio – 0.33, the 
yield stress – 395 MPa. The hardening parameters identified in 
the cyclic tension-compression test and optimized by means of 
fuzzy logic were applied in numerical calculations.

Fig. 9. The model used in a numerical analysis of the non-symmetrical 
stress-controlled cyclic loading

Fig. 10. The amplitude of load applied in numerical simulation 

After solving boundary value problem the following results 
are obtained: the stress-strain curve (Fig. 11), the variation of the 
normal force (Fig. 12a) and the specimen deformation (Fig. 12b). 
The last two resultants are the control parameters in experimental 
investigations made on testing machine. Experimental investiga-
tion are made in order to validate proposed numerical model and 
its hardening parameters.

Fig. 11. The numerical stress-strain curve for a non-symmetrical stress-
controlled cyclic loading

a)

b)

Fig. 12. The force (a) and elongation (b) distribution obtained in nu-
merical simulations

In the next part of presented research, the results of the nu-
merical simulation were compared with experimental data. The 
non-symmetrical cyclic tension-compression test was carried out 
for two samples using ZWICK/ROELL Z100 testing machine. 
In the first test, the displacement variation shown in Fig. 12b is 
used as the control parameter. The comparison of true stress-true 
strain curves obtained experimentally and numerically is shown 
in Fig. 13. It can be clearly seen, that a very good agreement 
between theory and experiment is achieved which confirms the 
proper selection of the material hardening data.

Fig. 13. The true stress-true strain relations registered in experimental 
and numerical tests

From the scientific point of view the comparison of the 
theoretical solution and the experimental results for the force-
controlled test might be interesting (see Fig. 12a). This is an 
ill-conditioned problem i.e. small variation of the force (stress) 
can provide a large variation of the deformation (strain). 
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Fig. 14. The hysteresis loop registered for two identical samples (experi-
ment controlled by force)

Unfortunately, such an experiment provides scattered 
results. In Fig. 14 there are presented the results of the force-
controlled experiment made for two identical samples. One 
may notice that two experiments carried out in exactly the same 
conditions provide responses qualitatively similar but quantita-
tively different. For this reason we do not compare the results 
of numerical simulations with the results of force-controlled 
experiments.

6. Summary and conclusions

Numerical simulation of the non-symmetrical cyclic 
tension-compression test for a PA6 aluminum alloy and its ex-
perimental verification are presented in this paper. The modeling 
of the ratchetting phenomenon requires precise determination of 
the material hardening parameters. 

In this research the material hardening parameters are 
indicated in the symmetrical strain-controlled cyclic tension-
compression test. On the basis of the experimental stress-strain 
curve, the preliminary selection of hardening parameters was 
done. Numerically generated hysteresis loops for Frederick-
Armstrong and Voce models are compared to experimental 
curves. For better fitting the optimization procedure based on the 
least-square method and the fuzzy logic approach was applied. 
In spite of the use of the theoretical model based on only four 
hardening parameters, the relatively good agreement between 
numerical and experimental curves was obtained. However, 
the application of multiparameter models, e.g. the Chaboche 
model enables to achieve the better compatibility. The general 
methodology of the identification of hardening parameters pre-
sented in this paper will be a very effective tool for identifica-
tion of the material hardening parameters in more complicated 
multiparameter models.

The numerical simulation of the non-symmetrical stress-
controlled cyclic tension-compression test was done by finite ele-
ment method analysis. The results of the numerical simulations 
i.e. the force and displacement distributions were used later on 
in the experimental research of non-symmetrical cyclic loading. 
A very good agreement is achieved between numerical simula-

tions and experiment carried out for the ratchetting response. This 
confirms the proper selection of the material hardening data. But 
it is worth noting that experiments carried out for two identi-
cal samples in exactly the same conditions provide responses 
qualitatively similar but quantitatively different.

Further research will focus on the determination of mate-
rial hardening parameters from the non-symmetrical stress-
controlled cyclic loading tests. Such test is very sensitive to 
small variations of the hardening parameters.
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